
Higher-Order Logic (HOL)
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Types and Terms

Simly typed λ-terms

Types:

τ ::= bool | . . .
| (τ → τ)
| α | β . . .

Terms
t ::= c | d | · · · | f | h | . . .
| (t t)
| (λx . t)

We assume that every variable and constant has an attached type.
We consider only well-typed terms:

t1 : τ → τ ′ t2 : τ

t1 t2 : τ ′
t : τ ′

λx :τ. t : τ → τ ′
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Base logic

Formula = term of type bool

Theorems: Γ ` F

Base constants: = : α→ α→ bool
→ : bool → bool → bool
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Inference rules

F ` F
assume

` t = t
refl

` (λx . t) u = u[t/x ]
β

` λx . (t x) = t
η if x /∈ fv(t)

Γ1 ` s = t Γ2 ` F [s/x ]

Γ1 ∪ Γ2 ` F [t/x ]
subst

Γ ` s = t
Γ ` (λx . s) = (λx . t)

abs if x /∈ fv(Γ)
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Inference rules

Γ ` F
Γ ` F [τ1/α1, . . . ]

inst

if α1, . . . do not occur in Γ
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Inference rules

Γ ` G
Γ\{F} ` F → G

→ I

Γ1 ` F → G Γ2 ` F
Γ1 ∪ Γ2 ` G

→ E

Γ1 ` F → G Γ2 ` G → F
Γ1 ∪ Γ2 ` F = G

=I
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Definitions of standard logical symbols

` > = ((λx . x) = (λx . x))

all : (α→ bool)→ bool
Notation: ∀x . F abbreviates all(λx . F )

` all = (λP. P = (λx . >))

` ⊥ = (∀F . F )

` ¬ = (λF . F → ⊥)

` (∧) = (λF . λG . ∀H. (F → G → H)→ H)

` (∨) = (λF . λG . ∀H. (F → H)→ (G → H)→ H)
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Definitions of standard logical symbols

ex : (α→ bool)→ bool
Notation: ∃x . F abbreviates ex(λx . F )

` ex = (λP. ∀G . (∀x . (P x → G )→ G ))
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Classical logic

` F ∨ ¬F
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