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’ Submission of Homework: Before tutorial on Apr 20 ‘

Exercise 1.1.  [Short Questions]
Let M be a set of formulas, and let F' and G be formulas. Which of the following assertions
hold?

1. If F satisfiable then M = F

2. Fisvalidiff T = F

3. If = F then M |= F

4. If M |= F then M U{G}  F

5. M |= F and M |= —F cannot hold simultaneously
6. f MG — Fand M |= G then M = F

Exercise 1.2.  [Coincidence Lemmal]
Assume that for all atomic formulas A; in F', A(4;) = A'(4;). Show that

AEFif A EF

Exercise 1.3. [Semantic Proof]
Let = F' — G where F and G do not share any atoms. Show that then either F' is unsatis-
fiable or G is an tautology (or both). Hint: you may want to use the previous result.

Exercise 1.4.  [Satisfiability Algorithms|
Check the following formulas for satisfiability using one of the algorithms seen in the lecture:

e [ =(FAV-DVB)ADAN-BANEN(=DV-EVC(C)

e /H=(A->C)N(C—-E)N(T—=B)AN(CNA—=D)AN(B— A)A
(B—>E)N(DNE — 1)

e Fs=A—E)ANB—->L)ANC—->B)AN(T—->ANEANB—-C)N(C— D)
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ANNOUNCEMENT: You have to achieve a minimum combined score of 50% on your home-
works to be granted a 0.3/0.4 grade bonus on the final exam, provided that the exam is
passed.

Homework 1.1. [CNF and DNF] (5 points)
Use the rewriting-based procedure from the lecture to convert the following formulas F' and
G first to NNF, and then to CNF and DNF. Document each rewriting step.

F = ———(4; A =(4; V A3)) G=(A1 VA A (A3 V Ay))

Solution: Formula F: Convert to NNF":

——=(A; A =(Ag V A3))
=-(A1 A (A V A3))
=—AV —\—|(A2 V Ag)
=-A,V (AyV A3)

This is already in CNF and DNF!

Formula G: Convert to NNF:
=(A; VA A (A3 V Ay))
=-A1 A (—A2 A (A3 V Ay))
=-A1 A (—0A2 vV (A3 V Ay))
=-A; A (A V —(A3V Ay))
=-A1 A (A V (0A3 A —A)Y))

To CNF:
—A; A (Ag V (mA3 A —AY))
E_|A1 VAN <A2 V _1143) VAN (AQ V _|A1)
To DNF":
—A; A (A V (mA3 A —AY))
E(_'Al A Ag) V (ﬁAl A\ (ﬁAg, N _IAl))
E(_!Al VAN Ag) V (_|A3 N _\A1>
Homework 1.2.  [Consequence] (5 points)
Let M be a finite set of formulas, and Fi, ..., F,, be formulas. Consider the two statements:

1. {F,....,F,} C M
2 ME AL F
Prove that 1) implies 2). Are the statements even equivalent? Proof or counterexample!

Solution: Assume (1) A = M. To show A = A, F;. With (1): A |= F; for all i. With
def. of semantics of A: A = A_, F;. (Formally: Induction on 7).

The statements are not equivalent. E.g. {A; A Ao} | A1 A As.
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Homework 1.3.  [Duality and NNF] (5 points)
Let F' be a formula in NNF. Let F” be the formula that is constructed from F' by replacing
every A by V, every V by A, every —A; by A;, and every A; by —A;. Show that, for every
assignment A, we have: If A = F, then A (£ F”!

Solution: By induction on structure of F'.

F = A We have F' = =A. From A |= F we have A(A) = 1, and thus A [= F'.
F = —A analogously.

F =F, ANF, We have F' = F| V Fj. From A |= I we have A = F} and A = F5. By [H, we
get A = F| and A £~ Fy. Hence, A [~ F'.

F = F} vV F, analogously.

qed.
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Homework 1.4. [Small Parity Formulas] (5 points)
We define the size |F| of a formula F' by counting the number of operator symbols and
atomic formulas. Formally:

|A;| =1 |-F|=1+|F| |[FAG| =1+ |F|+ |G| |FVG|=1+|F|+|G]

Your task is to construct a family of formulas {F; | i € N} such that F,, contains the atomic

formulas Ay, ..., A,, and we have for every assignment A:
A E F, if and only if |{A4; | 1 <i < N and A(A;) = 1}| is odd
Moreover, the size of your formula must be at most quadratic in n, ie., |F,| = O(n?).

For simplicity, you may assume that n is a power of two. Justify your construction (both,
correctness and size)!

Solution: Let’s define Fy @ Fy as abbreviation for (Fy A =Fy) V (=F; A Fy) (XOR). We
define Fy 90 = Apy1 and Fjgn+1 = Fon @ Fiionon. Then, we set F,, = Fp,,.

Moreover, we define par(j, k) = 1iff [{A4; | j <i < k and A(A;) = 1}| is odd and 0 otherwise.
Correctness: We show that Vk. A(Fjon) = par(k + 1,k + 2"), by induction on n :
0 For some arbitrary k: A(Fj20) = A(Ags1) = par(k + 1,k + 1) = par(k + 1,k + 2°)

2" — 2"+l For some arbitrary k:

A(Fj on+1)
=A(Fjan B Flion on) def of Fj on
=A(Fgon) + A(Fjionon) mod 2 *
=par(k,k +2") 4+ par(k+2"+1,k+2"+2") mod 2 IH
=par(k, k + 2"t o

where (*) follows e.g. by arguing via the truth table of & and (**) follows from the
definition of par.

Size: We have |F.o| = 1 and |F.,| = 4% |F., 2|+ 5. Note that the size does not depend on the
first parameter. Using the Master-theorem, we immediately get |F,| = O(n'°¢21) = O(n?).
Alternatively, let n = 2* for some k. Observe the following expansion:
|F ool =4%|F ] +5
=4x (4% |F |l +5)+5
=4* % |F 4| +4' %5 +4%%5
=455 |F gl +4F x5+ 4" 2554 ... +4%%5

k—1
=4F45x) 4
i=0
=4 £ 5% 41
4—1
= 04"
— O(4logzn)
= O(n?)




