Propositional Logic
Basics



Syntax of propositional logic

Definition
An atomic formula (or atom) has the form A; where i =1,2,3,....
Formulas are defined inductively:

» All atomic formulas are formulas

» For every formula F, =F is a formula.

» For all formulas F und G, (F A G) and (F Vv G) are formulas.
—F is called the negation of F

(FAG) iscalled the conjunction of F and G
(FV G) iscalled the disjunction of F and G



Syntax tree of a formula

Every formula can be represented by a syntax tree.

Example
F= —\((—|A4 V Al) A\ A3)




Subformulas

The subformulas of a formula are the formulas corresponding to
the subtrees of its syntax tree.

Ar A3
D
A
7
(A4 V Ar) /><

(FAVA)AAS) (ALY AL A A)



Induction on formulas

Proof by induction on the structure of a formula:
In order to prove some property P(F) for all formulas F
it suffices to prove the following:

» Base case:
prove P(A;) for all atoms A;
» Induction step for —:
prove P(—F) under the induction hypothesis P(F)

» Induction step for A:
prove P(F A G) under the induction hypotheses P(F) and P(G)

> Induction step for V:
prove P(F V G) under the induction hypotheses P(F) and P(G)



Semantics of propositional logic (1)

The elements of the set {0,1} are called truth values.
(You may call 0 “false” and 1 “true”)

An assignment is a function A : D — {0,1}, where D is any
subset of the atoms.

We extend A to a function A: E — {0,1}, where E D D is the set
of formulas that can be built up using only the atoms from D.



Semantics of propositional logic (I1)

A(A) = A(A) if Ae Dis an atom

X (1 ifA(F)=1and A(G)=1
AMFAG)) = { 0 otherwise
- 1 fAF)=1or A(G)=1
AlFve) = { 0 otherwise

5 (1 fA(F)=0

ACF) = { 0 otherwise

We write A instead of A.



Truth tables (1)

We can compute A with the help of truth tables.

Tables for the operators Vv, A, —:

AlvV|B Al N|B A
0/0|0 0|00 110
0|11 0j0|1 0|1
1711]0 11010
1111 1111




Abbreviations

A
P

7B7C?
,Q,R, or ...

(Fl — Fz)
(Fl (—n> Fz)

(\/ F)
i=1
(/\ Fi)
i=1 T
1

instead of

abbreviates
abbreviates

abbreviates

abbreviates

abbreviates
abbreviates

A1, As As ...

(—|F1 V FQ)
((Fl A F2) vV (—\Fl AN —|F2))

(-..(ARVFR)VFE)V...VF)

(..((FRAR)ANFR)A...AF)

(Al V —\Al)
(Al A —|A1)



Truth tables (1)

Tables for the operators —, <>:

A B

= = O O
— o R ]

0
1
0
1

Name: implication

Truth table:
if Ais 1 then Bis 1

= = O Ol
I—lOOI—l$
_ O ol m@

Name: bi-implication

Truth table:
Ais 1 if and only if B is 1
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Models

Definition
Let F be a formula and let 4 be an assignment.
A is suitable for F if it is defined for every atom A; occurring in F.

Let A be suitable for F:

If A(F)=1 then we write A=F
and say F is true under A
or A is a model of F

If A(F)=0 then we write ARF

and say F is false under A
or A is not a model of F
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Validity and satisfiability

Definition (Validity)
A formula F is valid (or a tautology) if every suitable assignment

for F is a model of F.
We write |= F if F is valid, and [~ F otherwise.

Definition (Satisfiability)
A formula F is satisfiable if it has at least one model, otherwise F

is unsatisfiable.
A (finite or infinite!) set of formulas S is satisfiable if there is an
assigment that is a model of every formula in S.
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Exercise

H Valid ‘ Satisfiable | Unsatisfiable

AV B

AV -A

AN-A

A— —A

A— (B— A)

A— (A— B)

A+ —A
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Exercise

Which of the following statements are true?

| Y| Cex
If Fis valid, then F is satisfiable
If F is satisfiable, then —F is satisfiable
If Fis valid, then —F is unsatisfiable

If F is unsatisfiable,

then —F is unsatisfiable
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Mirroring principle

all propositional formulas

valid
formulas

w
satisfiable
but not valid
formulas

F ~F

[
[
[
[
[
[
[
|

unsatisfiable
formulas

-G
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Consequence

Definition
A formula G is a (semantic) consequence of a set of formulas M if
every model A of all F € M that is suitable for G is also a model

of G. Then we write M = G.

In a nutshell:

“Every model of M is a model of G.”

Example
(AVB), (A= B), (BAR)— —-A), R E ((RAN-A)AB)
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Exercise

M | F [MEF?]
A AV B

A ANB

AB |AVB

AB |AANB

ANB A

AV B A

AA>B| B
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Consequence, validity, satisfiability

Exercise

The following statements are equivalent:

1. F,....Fk=G
2 (A F) = 6)

Exercise

The following statements are equivalent:

1. (F — G) is valid.
2. (F AN—=G) is unsatisfiable.
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Exercise

Let M be a set of formulas, and let F and G be formulas.

Which of the following statements hold?

Y/N

C.ex.

If F satisfiable then M |= F.

If F valid then M |= F.

If F € Mthen M |= F.

If F = G then =F = —G.
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Warning

The symbol |= is overloaded:

AEF

= F
MEF
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